In order to control the posture, balance and movements of a wheel-leg robot(WLR) precisely, some problems have to be solved. The major problems involve the strongly coupling of movement states, the composite uncertainty with modeling errors, the time-varying internal and the external disturbances. In this paper, a force controller based on the uncertainty and disturbance estimation(UDE) method is designed. The feedforward compensation based on dynamic model allows for compliant and more precise motion control. The UDE can estimate and compensate the composite uncertainty without any priori information effectively. The posture controller is designed based on the virtual model control. The whole controller which includes the posture controller and the movements balance controller is proposed and applied for WLR that built in Webots. The simulation results of trajectory control, balance control and robust test are presented to demonstrate the effectiveness of the whole controller.
I. INTRODUCTION
Wheel-leg robots with one or more robotic arms have attracted a great deal of attention in recent years [1] - [3] . The WLRs have more degrees of freedom(DOFs) than two-wheeled robots [4] , [5] respect to vertical direction. The wheeled mobile platform can provide more agile and faster moving speed for WLRs than legged robots [6] . With lightweight arms, WLRs can provide assistance to humans in various jobs. Therefore, WLRs combine the operation capability of the assistance robots, the mobility of the wheeled robots and the complex terrain adaptability of the legged robots.
Although WLRs have many advantages, there are very few researches on their control algorithms. Inspired by the control of two wheel mobile manipulators [7] , [8] , the WLR is divided into the upper part and the lower part based on virtual model control. The upper part is the WLR exclusive of its wheels. The lower part is a virtual inverted pendulum.
The associate editor coordinating the review of this manuscript and approving it for publication was Chong Leong Gan.
The distance between the CoM(Center of Mass) of the upper part and wheel axel is the length of the lower part's virtual pendulum. The posture controller and movements balance controller are proposed to control upper part and lower part respectively to realize the posture, movements and balance control of WLR. However, the upper part and the lower part are strongly coupled. First of all, the effects of the inertia force, coriolis force and the centrifugal force on the lower part caused by the motions of the upper part cannot be expressed by the dynamic model of the lower part which leads to unmodeled dynamics of the dynamic model. Secondly, the virtual pendulum's length of the lower part is constantly changing because of the changing of the upper part's posture, which is the time-varying disturbance of the model of the lower part. Therefore, the movements and balance control of the WLR becomes the movements and balance control of the two-wheeled inverted pendulum with parametric uncertainties, unmodeled dynamics, time-varying disturbance and other external disturbances. In this paper, the construction of the motion balance controller is mainly concerned. VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ So far, many control algorithms have been proposed for the two-wheeled inverted pendulum. Resonance-ratio-controlbased null-space control [7] was used to suppress the vibration of two-wheel mobile robot. In [8] , an adaptive model predictive controller was investigated for a two-wheeled robot with varying mass. In [9] , adaptive robust dynamic balance and motion control were considered for mobile wheeled inverted pendulum. There are many combination methods designed to compensate the weaknesses of single method [10] - [12] . Unfortunately, the above methods are not robust with respect to the structure time-varying inverted pendulum.
Motivated by the literature [13] - [16] , the uncertainty and disturbance estimator(UDE) robust control has attracted the authors' attention with its strong robustness and excellent control performance. The UDE control method was proposed by Zhong Q C in [17] firstly with an assumption that a filter with the appropriate bandwidth can be used to estimated the engineering signal [18] . The UDE control method can make up the time delay of the time-delay control [19] . The UDE control method can handle all the structured/unstructured uncertainties and reject external disturbances yet a simple control structure and enables the perfect tracking of periodic signals [20] . With the advantage, UDE has been successfully applied in various systems, e.g. the hybrid force/position control of robot manipulators [21] , trajectory tracking control of robot manipulators [22] , gimbal platform [23] , unmanned aerial vehicles [24] , hydraulic position control of position servo system [25] , and combined sliding mode control to control flexible joint [26] . In this paper, a UDE based robust movements and balance controller is proposed for lower part to guarantee the balance and mobility of WLR. The parametric uncertainties, unmodeled dynamics, time-varying disturbance and other external disturbances are considered as one composite unknown disturbance. The unknown disturbance is estimated and compensated by the UDE.
The main contributions are highlighted as follows: 1) Decouple WLR into upper part and lower part using virtual model control; 2) The movements balance controller requires no knowledge of the composite unknown disturbance, which makes it easy for practical implementation.
3) The robustness of the movements balance controller is validated by simulation results.
The paper is organized as follows. The models of the 2D WLR and the virtual inverted pendulum are described in section 2. In Section 3, a UDE-based robust movements and balance controller is constructed for lower part, where the stability of the closed-loop system is established. Section 4 illustrates the control method of the upper part and the whole controller of WLR. The effectiveness of the proposed approach is demonstrated through one trajectory track test and two robust tests in Section 5. Conclusions are given in Section 6.
II. SYSTEM DESCRIPTION
The wheel-leg robot is shown in Figure 1 . The WLR consists of a torso, two arms and two legs with wheels. The leg of WLR is designed with three joints which defined as the pitching hip joint, pitching knee joint and pitch wheel joint. The arm has one pitch shoulder joint and one pitch elbow joint. The left part of the WLR is symmetric with its right part. The main model parameters of the WLR are listed in Table 1 .
A. VIRTUAL MODEL CONTROL
Virtual model control method is used to simplify the WLR to a two-wheeled inverted pendulum. As shown in Figure 2 , virtual inverted pendulum is modeled using wheels and the CoM of the upper part.The CoM is calculated using the mass and position of each link of the upper part. The pendulum length of the lower part is a variable over time caused by the changing posture.
The coordinate systems involved in this article are illustrated as follows: (1) and Equation (2).
All the equations in this paper have been written using the notation of
The homogeneous transformation matrix between the upper part frame and the wheel-axle frame w b T can be written as
where, w b R ∈ 2×2 and w b p ∈ 2×1 represent the orientation and position of the upper part frame refers to the wheel-axle frame. The position of CoM respect to the wheel-axle coordinate {x w CoM , z w CoM } can be calculated using Equation (4) .
After knowing the coordinate of CoM, the pendulum length L and the virtual tilt angle β relative to z-axis of the inverted pendulum can be obtained as Equation (5) and Equation (6). 
B. MODELING
Assumption 2: The driving wheels are subject to rolling constraints and there is no slippage between the wheel and the ground.
Assumption 3: The model of the lower part is subject to known nonholonomic constraints.
As is shown in Figure 3 , r w is the position vector of the wheel's center respect to the universal frame, r b is the position vector of CoM respect to the universal frame. r w and r b can be expressed as Equation (7) and Equation (8).
The dynamic equations of a 2D virtual inverted pendulum is expressed as
where I w = 1 2 m w R 2 is the wheel's moment of inertia and I b = 1 3 m u L 2 is the body's moment of inertia. F in Equation (9) is the friction force between the wheel and the ground. τ w in Equation (10) is the torque of the wheel motor. As a secondorder underactuated system, the virtual inverted pendulum has only one input τ w to maintain balance and motion. The relationship between F and τ w is F = τ w R . R is the radius of the wheels. By arranging Equation (9) and Equation (10) in matrix form, we have
T is the vector of state variable. TheM ,Ĉ andĜ are the estimated inertia matrix, centrifugal and Coriolis matrix, gravity vector of lower part inverted pendulum respectively. The unmodeled dynamic of the model comes from the reduced dynamic that simplifies the upper part into a point mass. B is the input matrix. They have the following forms.
III. MOVEMENT BALANCE CONTROLLER
Except the existence of the unmodeled dynamics and timevarying disturbance, parameter uncertainties and external disturbances also affect the performance of WLR's auto-balance and linear running because of its inherent instability. The composite uncertainty including unmodeled dynamics, timevarying disturbance, parameter uncertainties and external disturbances is defined. In this section, we take both factors into consideration to develop robust control strategy based on UDE to estimate and compensate the composite uncertainty.
Consider the dynamics of the lower part given by Equation (11) . In reality, physical model of the inverted pendulum can't be known exactly. It becomes necessary to handle the modeling errors and inaccuracies. For the lower part, the actual inertia matrix M ( q), centrifugal and Coriolis matrix C( q,˙ q) and gravity vector G( q) are considered as uncertain with M ( q) =M ( q) + M 0 , C( q,˙ q) =Ĉ( q,˙ q) + C 0 and G( q) =Ĝ( q) + G 0 respectively where M 0 , C 0 and G 0 are their associated uncertainty. Furthermore, with the known simplified dynamics Equation (11) and unknown part M 0 , C 0 and G 0 , the accurate dynamics of lower part with external disturbance d can be written as
where 
where K p = k p1 0 0 k p2 and K d k d1 0 0 k d2 are the gain matrixes of the Hurwitz type. Combining Equation (12) and Equation (13), the closed-loop control system of the lower part is defined as
Equation (14) can be rewritten bÿ
Based on Equation (15), the control signal τ w should satisfy
where B + = B T B −1 B T is the pseudo-inverse of B, u d is the compensation input for the composite uncertainty. Substitute Equation (16) into Equation (12) leads to
In view of Equation (17) and following the design method of UDE-based control strategy, the estimate value of d can be obtained bŷ 
For the total compensate input u d , consider the following control law
Then, u d = [u d1 , u d2 ] T can be solved as follow.
By substituting Equation (21) to Equation (16), the only input of the lower part system can be obtained as Equation (22) .
As shown in Equation (22), the controller combines the advantages of the inverse dynamics control and the UDE method. 1)the feedforward compensation of inertia force, coriolis force and gravity based on dynamic model allows the reduction of the gains without sacrificing tracking performance; 2)The estimate of the error compensate torque needs the acceleration signals of states only; 3)One error compensation torque can compensate all the errors; 4)The torque control is realised of the WLR more compliant than position control.
It can be seen from Equation (22) that the stability of the controller is affected by the filter we designed. Although it is difficult to design a strictly suitable filter for the system's unmodeled dynamics and external disturbance, the robustness of the UDE-based controller can compensate for the error caused by the approximate filter.
Theorem 1: Consider the underactuated nonlinear closedloop system Equation (14) , the bounded desired value of q d ,˙ q d ,¨ q d and the UDE-based controller Equation (22) . If the filter G f (s) is chosen appropriately as a strictly proper stable filter with unity gain and zero phase shift over the spectrum of the lumped uncertain term d and zero gain elsewhere, then the closed-loop system is stable(asymptotically stable or critical stable). Moreover, the tracking error dynamics of the state converges according to the control law Equation (22). Lemma 1 [27] : Consideṙ
where η(t) = [η 1 (t), η 2 (t), . . . , η n (t)] T ∈ n , g(t) = [g 1 (t), g 2 (t), . . . , g n (t)] T ∈ n , and N is an n × n matrix. If N is Hurwitz and lim t→∞ g(t) = 0, then lim t→∞ η(t) = 0. Proof: Inspired by the literature [27] , [28] , the stability analysis is shown below. Define d as one of the states x 3 and assuming d is bounded and differentiable. The system can be written in augmented state space form:
The desired values of x 1 , x 2 , x 3 are r 1 , r 2 and d.
where τ w is the control law that shows in Equation (22) Actually, d is unknown, we can replace d with the estimated termd obtain by Equation (18) to calculate the compensate input u d . According to Equation (18), the estimated errord can be rewritten bỹ
Since the constructed filter G f (s) covers the spectrum of d, d will pass the filter without any gain and phase shift, then we havex 3 = 0 Thenx = [0 0 0] T . According to Lemma 1, it can be concluded that: the A e is Hurwitz and lim t→∞ Ax = 0, such that lim t→∞ e i = 0, i = 1, 2. Q.E.D. 
IV. POSTURE CONTROLLER
The kinematic model and posture controller of the upper part are described in this section.
The kinematic relations of legs and arms refer to the upper part frame can be written as P = f q arm , q leg (28)
q leg = [θ 0 , θ 1 ] T and the Jacobian J = J arm , 0 2×2 0 2×2 , J leg . Using virtual model control, the virtual force F which is needed to maintain the feet and hands position P track the reference trajectory P d is calculated by Equation (30).
where k p , k d ∈ 1×4 are the proportional and differential gains . P r ,˙ P r ∈ 4×1 are the reference position and reference velocity of feet and hand end point. The Jacobian J relates the virtual force to joint torque:
where τ = [τ 0 τ 1 τ 2 τ 3 ] is the torque vector of the hip joint, knee joint, shoulder joint and elbow joint. The whole VOLUME 7, 2019 controller is composed of posture controller and movements balance controller, as shown in Figure 4 .
V. SIMULATION
In this section, a robot as shown in Figure 5 is built in Webots. The excellent performance of balance and motion of WLR with the control law as shown in Equation (22) has been obtained in the simulation.
The filter G f (s) is the most important part in UDE-based control law Equation (22) . They can be decoupled, G f 1 (s) and G f 2 (s) are filters of linear motion and balance respectively. Equation (21) can be rewritten as
Design G 1f (s) and G 2f (s) as the first-order low-pass filter as shown in Equation (19) . The appropriate T 1f and T 2f are chosen. We have
Therefore, the control law becomes
From Equation (34), we can come to a conclusion that the control law consists of two parts: the first part is a feedback linearization(FL) controller, the second part is the uncertainty and disturbance estimation part. By comparing the proposed control law named FL-UDE in Equation (34) with FL in Equation (35), and the acceleration-based disturbance observer(AbDOB) [13] in Equation (36), the practical control performance of the designed controller is validated.
1)FL controller 2)AbDOB controller
whereτ d = kτ − αMq is the disturbance estimate.τ = u β + u s , the u β and u s is calculated using a PID control
where the controller gains for the FL-UDE controller, FL controller and AbDOB controller are tuned as shown in Table 2 .
A. TRAJECTORY TRACKING TEST
The desired position, velocity and acceleration is shown as
Three experiments of AbDOB control, FL control and FL-UDE control are conducted. The results in Figure 6 clearly indicate that the FL-UDE controller has more excellent transient performances than AbDOB and FL. More precisely, the peak tracking error by AbDOB( Figure 6(d) ) is 0.42m while 0.1m for the FL-UDE control method. The deviated balancing angle for AbDOB( Figure 6(g) ) is 0.11rad while 0.05rad for the FL-UDE control method. The FL control based on imprecise dynamic model can drive the WLR to track the desired trajectory( Figure 6(a) ), but the tracking error (Figure 6(e) ) and the pitch angle( Figure 6 (g)) keep growing, which means the system will lose stability in finite time. With the UDE based compensation u d (Figure 6 (i)), the track performance of the FL-UDE is improved effectively( Figure 6(c) ). The tracking error as shown in Figure 6 (f) is decreased more than 50 percent than the track error of FL control (Figure 6(d) ). The balance control performance comparison is shown in Figure 6 (g). The tilt angle of FL-UDE control is equal amplitude oscillations within −0.05rad to 0.05rad range and not divergence. Figure 6 (h) depicts the torque of wheel of the two controller, FL-UDE achieves better performance with smaller torque than AbDOB control and FL control. As Figure 6 shows, the better dynamic balance and tracking performances are due to the UDE based compensation which can guarantees the critically stability of the WLR system.
B. ROBUST TEST
In order to prove the robustness of the FL-UDE controller against the external disturbance and the time-varying disturbance(posture changes of the upper part), two robust tests are performed.
Case 1: External disturbance To perform an external disturbance, the WLR is hit horizontally from its rear by a 20kg pendulum. As shown in Figure 7 , the FL-UDE controller has better balance performance then the FL controller with the smaller torque. As shown in Figure 7(a) , the transient response time of the AbDOB, FL-UDE controller and the FL controller are 2.5 seconds, 1.25 seconds and 1.75 seconds respectively. The tilt angle peak of the FL-UDE is bigger than the AbDOB's and FL's but the oscillation time is much shorter than FL's( Figure 7(b) ). So the FL-UDE's process of transient to steady-state is more gentle and smooth than AbDOB's and FL's.
Case 2: Time-varying disturbance The length of virtual pendulum of the lower part is changing continuously (Figure 9 Figure 9 (b) has proved the effectiveness with the track error of 0.15m.
VI. CONCLUSION
In this paper, the whole controller which includes posture controller and movements balance controller is proposed and applied for WLR which achieves efficient posture control and movements balance control. The whole WLR is decoupled to the upper part and lower part based on virtual model control. The movements and balance controller is built based on inverse dynamic control and UDE method -FL-UDE. The dynamic model feedforward compensation in the FL-UDE controller makes the effect more compliant and more precise than the feedback control. With the compensate of the composite unknown disturbance based on UDE method, the FL-UDE controller can obtain superior transient, excellent tracking and balancing performance than FL controller. Three simulation studies are conducted to prove the robustness of UDE-based control method. The simulation results are presented to prove the robustness of the UDE-based control law.
